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1. Find the general solution of the equation

(1− ex)y′′(x) +
1

2
y′(x) + exy(x) = 0

near the singular point x = 0. [4]

2. Find the radius of convergence of the power series solution y(x) =
∞∑

n=0
anx

n of the equation [4]

x2y′′(x) + (3x− 1) y′(x) + y(x) = 0.

3. Find the power series solution of the equation y′(x) = 1 + y(x)2 which
satisfies the condition y(0) = 0. [4]

4. Find the general solution of the equation [4]

y′′(x)− f(x) y′(x) + (f(x)− 1) y(x) = 0.

5. Prove or disprove the following statement: If y1 and y2 are two solutions
of the equation y′′(x) + p(x) y′(x) + q(x) y(x) = 0 on [a, b] where
p, q ∈ C[a, b] and have a common zero in [a, b] then y1 = c y2 for some
c. [6]

6. If Pn(x) = 1
2nn!

dn

dxn (x2 − 1)n are the Legendre polynomials (where n =
0, 1, 2, . . .) then show that

d

dx
((1− x2)P ′

n(x)) + n(n + 1) Pn(x) = 0.

Hence or otherwise show that [4]

1∫
−1

Pn(x) Pm(x) dx = 0 for m 6= n.
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7. Assuming the generating function identity

(1− 2xt + t2)−
1
2 =

∞∑
k=0

Pk(x)tk

valid for |x| < 1, |t| < 1 show that [6]

1∫
−1

Pn(x)2dx = 2(2n + 1)−1.

8. If p(x) is a polynomial of degree n ≥ 1 such that

1∫
−1

xkp(x) dx = 0, k = 0, 1, 2, . . . , n− 1

show that p(x) is a constant multiple of Pn(x). [4]

9. Show that

ϕλ(z) =

2π∫
0

eiλ Re(zeiθ)dθ, z ∈ C

is radial and the function ϕλ(r) satisfies an ordinary differential equa-
tion. Hence or otherwise prove: ϕλ(z) = c J0(λ|z|) for some constant
c. [6]

10. Prove the formulas
d

dx
J0(x) = −J1(x),

d

dx
(xJ1(x)) = xJ0(x)

and use them to show that the positive zeros of J0 and J1 alternate.

[4]

11. Assume that for well behaved functions g on [0,1]

1

2

1∫
0

xp+1g(x) dx =
∞∑

n=1

1

λnJp+1(λn)

1∫
0

x g(x) Jp(λnx)dx

where λn are the positive zeros of Jp(x). Using the formula

d

dx
(xpJp(x)) = xpJp−1(x)

show that
∞∑

n=1

λ−2
n =

1

4
(p + 1)−1,

∞∑
n=1

λ−4
n =

1

16
(p + 1)−2(p + 2)−1.

Evaluate:
∞∑

n=1
n−2 and

∞∑
n=1

n−4. [6]
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